In the spatial circular restricted three-body problem librational motion around the Lagrangian points L4 and L5 exists up to high inclinations of the massless object. We report the results of numerical investigations on the stability of this librational motion for systematic variations in the inclination of the Trojan and the mass-ratio µ of the two massive bodies. We show that stable motion prevails for inclinations below 60 degrees and mass-ratios µ < 0.04 for typical integration times up to 10 6 revolution periods. At even higher mass-ratios -beyond the critical mass-ratio for the planar case -stable orbits were found to exist for up to 10 7 periods at moderate inclinations. We extracted the librational frequencies on a grid in the parameter space from the Fourier spectra and traced their variation. Several resonances between the short and long period librational frequency as well as the vertical frequency lie inside the investigated region. The application of the Lyapunov characteristic indicator and spectral number methods also reveals the chaotic regions. This simple model is equally applicable in the Solar system for low mass ratios for Trojans of the planets, as well as to Trojan-type exoplanets in binary star systems at high mass-ratios.
Introduction
The circular restricted three-body problem (CR3BP) seems to be a simplistic model of not much practical importance. But in fact it serves as a reasonable first approximation in many cases, for instance in the Solar system or in extrasolar planetary systems.
Solar system
In the Solar system case, the investigation of the dynamics of co-orbital asteroids moving in a 1:1 mean-motion resonance with a planet, the "Trojan" asteroids, is the goal ever since the problem has been posed by Euler and Lagrange in the 18th and 19th century. Currently Trojan asteroids have been found for the planets Earth, Mars, Jupiter, and Neptune, see e.g. Connors, Wiegert & Veillet (2011) ; Sheppard & Trujillo (2006) ; Wolf (1907) . Interestingly no Trojans were detected for Saturn and Uranus despite serious efforts (Marzari, Tricarico & Scholl 2002) . After the discovery of Neptune Trojans with inclinations in excess of 20
• interest arose in the dynamics of objects at even higher inclination. For Neptune Zhou, Dvorak & Sun (2009) determined three regions of stable motion, one being at inclinations larger than 50
• . For Uranus a similar study by Dvorak, Bazsó & Zhou (2010) concluded that Trojans on low inclination orbits could survive over timescales of 10 9 ⋆ Corresponding author: e-mail: akos.bazso@univie.ac.at years. Both studies used as dynamical model the outer Solar system including all four gas planets, thus accounting for mutual perturbations of the planets; but a more complex model can also obscure the fundamental features of Trojan motion. As the planets' eccentricities are small enough in the Solar system, it is justified to apply the CR3BP to determine the basic stability regions (Efthymiopoulos & Sándor 2005; Sándor,Érdi & Murray 2002 ) before advancing to more sophisticated models like the elliptic restricted threebody problem or the N-body problem.
Extrasolar systems
For the extrasolar case theoretical interest in Trojan-type (Ttype) motion began even before the discovery of the first extrasolar planet. In Rabl & Dvorak (1988) different types of planetary motion in double star systems were considered. Besides the planetary (P-type) and satellite (S-type) motion around both respectively one of the components, T-type motion was considered as a third possibility. Not only the formation of Earth-mass planets directly in T-type orbits (about a migrating gas giant in a proto-planetary disk) was studied (Beaugé et al. 2007 ), but also the possible capture of asteroids into Trojan orbits by the inner planets (Schwarz & Dvorak 2012 Funk et al. (2012) . Since extrasolar planets were also detected in binary star systems and systems consisting of a star and a sub-stellar companion, the dynamics of librational motion at high mass ratios is of interest, especially for the non-coplanar motion.
Model & methods
The CR3BP consists of two massive objects (m 1 , m 2 ), called primaries, and one object of negligible mass (considered to be massless) relative to the others. The primaries move on circular orbits about their common barycenter; while the third body (the "Trojan") performs a three dimensional librational motion in the vicinity of the Lagrangian equilibrium points L 4 or L 5 .
For the CR3BP it has been shown by Gascheau (1843) and Routh (1875) that for mass ratios in the interval 0 ≤ µ < µ c the librational motion is linearly stable (here µ = m 2 /(m 1 + m 2 ), and µ c = (1 − 23/27)/2 ≈ 0.0385). For the non-linear system the same is true except for three special values of µ that correspond to resonances of the librational frequencies (Markeev 1972; Whipple 1983) .
Usually the dimensionless masses are normalised to m 1 + m 2 = 1 which results in µ c = 0.0385 as above, but following the article ofÉrdi et al. (2007) here we use a different normalisation: m 1 + m 2 = 1 + µ giving µ c = 0.04. The conversion from the first to the second normalisation is achieved by multiplying all mass ratios with 1 + µ.
On a grid of 100 × 61 initial conditions we vary the mass ratio in the range 0.0005 ≤ µ ≤ 0.05 and the inclination 0 ≤ i ≤ 60 degrees, respectively. These ranges result in a coverage of mass ratios from approximately Jupiter mass planets up to sub-stellar and stellar companions, when the mass m 1 is assigned one solar mass. The Trojan is always started in the vicinity of the Lagrangian point L 4 . The equations of motion were integrated numerically, two methods were applied: (i) a Lie integrator with adaptive stepsize (Eggl & Dvorak 2010; Hanslmeier & Dvorak 1984) , and (ii) a Bulirsch-Stoer integrator that also handles the variational equations for an estimate of the Lyapunov characteristic exponent.
In a first run the integration time was set to 10 6 orbital periods to determine regular and chaotic domains inside the parameter space. From this run we obtained the maximum eccentricity (ME), libration amplitude (LA), and Lyapunov characteristic indicator (LCI), a finite time estimate of the maximum Lyapunov exponent. For the long term integrations (10 7 orbital periods) we focused on the high mass ratio border and investigated the interval 0.0385 ≤ µ ≤ 0.046 for inclinations 30
• ≤ i ≤ 50
• . Finally, the frequencies of librational motion were determined through short time integrations of 10 3 periods on the grid of initial conditions mentioned above. In some cases a longer integration time did not allow to determine the librational frequencies with enough accuracy.
The Laplace-Lagrange variables h = e sin(ω + Ω) and p = sin i sin Ω were analysed with the Discrete Fourier Transform (Reegen 2007) and Fast Fourier Transform techniques 1 . The sampling interval was chosen to be 18 days, which gives just more than 2 × 10 4 samples over 1000 periods.
Results

Spectral number
From the Fourier analysis of each short integration the number of peaks in the obtained power spectrum was counted giving a measure called "spectral number" (SN). The spectral number method has been applied e.g. in Michtchenko & Ferraz-Mello (1995) ; Zhou, Dvorak & Sun (2009) for a similar purpose. A low number of frequencies in the power spectrum indicates a rather regular orbit, while a large number of peaks is evidence for a highly chaotic orbit. We did not apply a low pass filter, which would remove many tentative peaks, but still the resulting Figure 1 shows clearly the border between regular and chaotic regions. For the planar case and at low inclination we find regular motion with only a few dozen peaks. As expected from the linear stability analysis the transition from regular to chaotic motion in the planar case occurs at µ = 0.04, while at higher inclinations the border shifts to mass ratios µ > µ c . In Sicardy (2010) it has already been indicated that also for the planar case stable periodic orbits exist for µ > µ c . At high inclinations the number of peaks increases; however there is a clear discontinuity regarding the number of peaks between the regions of regular and chaotic motion.
Maximum eccentricity & libration amplitude
The SN does not necessarily give an indication about longterm stability, for this purpose the ME was considered. The results for the long term integrations (10 6 and 10 7 periods) are not shown here (see for details), but in summary the ME gives almost exactly the same shape for the regular region as the SN in Figure 1 . If the maximum eccentricity remains e ≤ 0.2 then the librational motion lasts up to 10 7 periods of the primaries. At the ragged right edge at high mass ratios a small discrepancy between SN and ME is visible in Figure 1 . These are chaotic orbits with high SN that stay with low ME for long times, we attribute this to the "stickiness phenomenon" (Dvorak et al. 1998) .
Using the libration amplitude σ = λ T − λ S , which is the difference of the mean longitudes (λ = ω + Ω + M ) for the Trojan and the less massive primary, we check for a permanent librational motion. If this amplitude exceeds 180
• the Trojan would not librate about the Lagrange point but rather be in a horseshoe orbit. The results show small LA for low initial inclinations, and the amplitudes smoothly increase with inclination. The largest LA inside the regular domain are σ < 30
• , confirming the results obtained with the SN and ME.
Discussion
Libration frequencies
In a recent investigation on the elliptic restricted threebody problem (ER3BP) for high inclinations found that secondary resonances between the libration frequencies (Érdi et al. 2007, 2009 ) play a crucial role for the long-term stability. We then reviewed the CR3BP and were searching for similar effects. As Szebehely (1967) points out, the linear variational equations of the spatial CR3BP can be separated into the planar motion, involving the short and long period components n s and n l , which is decoupled from the vertical motion. This vertical motionin the linearized case -is simply a harmonic oscillator with frequency
is the second partial derivative of the potential function in the rotating coordinate system. Exactly at the Lagrangian points n z = 1, which is equal to the dimensionless orbital frequency (mean motion) of the primaries. Taking into account higher order terms there is a non-linear coupling between the {x, y, z}-components of the equations of motion. In the spatial case Brasser, Heggie & Mikkola (2004) have shown for a limited range of mass-ratios that the region for librational motion ceases at an inclination of i = 61.5
• for planetary mass objects, and is linearly decreasing with increasing mass. They argue that this limit is caused by saddle-points in the averaged perturbing potential function.
From Figure 2 it is visible that the libration frequencies n s and n l vary with the inclination, while the vertical frequency n z changes only negligibly. The short period component n s tends to unity, while the other component n l is n s n l n l / n s n z µ = 0.02 Fig. 2 The variation of librational frequencies n s and n l depending on the inclination for the mass ratio µ = 0.02. The top dotted line is the vertical frequency n z , n s is increasing while n l is decreasing. At i ≈ 45
• n s = 3n l leading to a resonance (B 3:1), while at i ≈ 60
• n z and n s become comparable, resulting in a 1:1 resonance between vertical and short period librational frequency. n s n l n l / n s n z µ = 0.03 Fig. 3 The variation of librational frequencies with inclination for µ = 0.03. Around i = 30
• the frequencies n l and n s (their ratio is plotted as the dash-dotted line) are in a 1:2 resonance (indicated by the horizontal dotted line). This resonance is causing strongly chaotic motion and libration is not possible. The gap in the data means that there the frequencies could not be determined, as these initial conditions lie inside the chaotic zone, compare Figure 1. monotonically decreasing. As i approaches 60
• (depending on the mass ratio) the frequencies n s and n z become commensurable, i.e., they are in a 1:1 resonance. Thus the high inclination border around 60
• can be explained through Figure 2. Another feature is the n s : n l = 3:1 resonance crossing around 45
• (i.e., when crossing the horizontal line, cf. Another example is shown in Figure 3 , for a resonance between n s and n l . At the chosen mass ratio of µ = 0.03 around an inclination of i = 30
• the long-period and shortwww.an-journal.org period components are commensurable: n s : n l = 2:1. This resonance leads to strongly chaotic motion within 10 3 periods of the primaries and causes the big gap in Figure 3 , which is also visible in Figure 1 .
Lyapunov indicator
In the ER3BP the short and long period libration frequencies n s and n l can form combinations with the elliptic motion of L 4 with normalised frequency n = 1 and give rise to different secondary resonances (Érdi et al. 2007 ). In the CR3BP there is no elliptical motion of the Lagrange point itself, but nevertheless the frequencies can form combinations with the vertical frequency n z (instead of n), like n z − n s , n z − n l . Following the nomenclature ofÉrdi et al. (2007, 2009) we assign letters to the combinations, where e.g. A = (n z − n l )/n l , B = n s /n l , C = (n z − n l )/(n z − n s ), keeping in mind that n z = 1 at L 4 . Calculating the locations of resonances from the grid of {n s , n l } we obtain Figure 4 .
For the high mass ratio border the B 1:1 resonance limits the librational motion originating from the point (µ c , 0) (Danby 1964; Érdi et al. 2007) . A number of type A resonances appear in the low mass region, while the B 2:1 resonance (see Figure 3) is responsible for the large gap. It is surrounded by various other resonances like the B 11:5 and C 5:1, where the latter starts close to (µ, i) = (0.025, 0) and follows closely the border of the gap. Also visible in Figure 4 is the n z /n l = 5/2 resonance that occurs whenever n l ≈ 0.4, originating between 0.020 < µ < 0.021.
Summary
We find for the CR3BP regular librational motion for mass ratios up to and above the critical mass ratio µ c for inclined orbits. Librations around L 4 are stable for 10 6 − 10 7 periods also at high inclinations (up to the considered limit of i = 60
• ), and for high mass ratios. The application of different methods (LA, LCI, ME, SN) confirms that the structures found are truly related to the librational motion. The frequencies n s , n l , n z can form combinations, when they appear as an integer ratio they cause a resonance leading to chaotic motion. Several such resonances have been identified, mainly the A and B types together with such involving the vertical frequency n z . At inclinations of about i = 60
• (depending on the mass ratio) the frequencies n s and n z become equal and then librational motion is not possible any more. These results on the CR3BP can be applied to Trojan type motion in the Solar system, and especially in the high mass ratio region to extrasolar star-brown-dwarf and binary-star systems that could harbour Trojan planets.
